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State-Space Representation of Aerodynamic Characteristics of
an Aircraft at High Angles of Attack

M. Goman* and A. Khrabrov*
Central Aerohydrodynamic Institute, 140160 Zhukovsky-3, Moscow Region, Russia

Mathematical modeling of unsteady aerodynamic forces and moments plays an important role in aircraft
dynamics investigation and stability analysis at high angles of attack. In this article the state-space representation
of aerodynamic forces and moments for unsteady aircraft motion is proposed. Consideration of separated flow
about an airfoil and flow with vortex breakdown about a slender delta wing gives the base for mathematical
modeling using internal variables describing the flow state. Coordinates of separation points or vortex breakdown
can be taken, e.g., as internal state-space variables. These variables are governed by some differential equations.
Within the framework of the proposed mathematical model it is possible to achieve good agreement with different
experimental data obtained in water and wind tunnels. These high angle-of-attack experimental results dem-
onstrate considerable dependence of aerodynamic loads on motion time history.

Nomenclature

A = wing aspect ratio, (4b2)/(S)

b = semispan

C,. = lift coefficient

Cronn = rolling-, pitching-, and yawing-moment
coefficient

Cyyz> = longitudinal-, lateral-, and vertical-force
coefficient

c = root chord of a delta wing
¢ = wing mean aerodynamic chord
D, q,r = roll, pitch, and yaw rates

S = reference wing area

s = Laplace variable

t = time

|4 = airspeed

x = state-space internal dynamic
variable

a = angle of attack

B = sideslip angle

8,, 8,, 6, = aileron, elevator, and rudder
deflections

T, T = characteristic times

¢ = roll angle

) = frequency of oscillations

Subscripts

l = left

r = right

0 = steady-state conditions

Superscripts

att = component due to the attached flow

fo = forced oscillations method results

ni = nonlinear function

st = static dependency

T = transposed vector

vor = component due to the vortex

breakdown influence
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Aerodynamic Derivatives

aCa acﬂ — a_(:“
Co, = a(qélV) Co = 50 Co = 55
aCa aca _— _a..g
Cop = a(pb/V) Co = a(rb/V) Cop = B
aC,,
Con, = a(aclV)

wherea =L, X, Y, Z, [, m, orn.

Introduction

S the high angles-of-attack region becomes more acces-

sible for modern aircraft, the problem of adequate math-
ematical modeling of aerodynamic characteristics at separated
and vortex breakdown flow conditions arises. Mathematical
modeling of aerodynamic characteristics is needed for flight
dynamics simulation and stability analysis of aircraft motion
at high angles of attack, and is very important for solving
problems of flight safety and the study of critical aircraft re-
gimes such as stall and spin.

In flight dynamics there are different methods of aerody-
namic coefficients modeling. In many practical cases the aero-
dynamic forces and moments are approximated by linear terms
in their Taylor series expansion, a well known approach lead-
ing to stability and control derivatives.' This method is suf-
ficiently accurate for attached flows at low angles of attack.
For example, the representation of pitch moment coefficient
has the following form:

Cp = Co@) + C, (qéIV) + C,(acIV) + C,, 3,

But in the region of « where separated and vortex flow is
developed this representation cannot be used. The values of
unsteady derivatives are strongly dependent on the amplitude
and frequency of aircraft oscillations.>

Another more correct approach used to obtain the airloads
on an aircraft undergoing an arbitrary motion is the indicial
response method in conjunction with the superposition prin-
ciple!#

c=fA(t—T)hdr
0
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where C = (Cy, Cy, Cy, C,, C,,, C,) 7 is the combined vector
of total aerodynamic force and moment coefficients, A =
{A ’5}} is a matrix of indicial response functions for stepwise vari-
ation of kinematic parameters, such as angle of attack and
sideslip, roll, pitch and yaw rates, control surfaces deflections,
which form a vector k = (&, B, p, g, r, 8, 8,, 5,)7.

This approach is certainly efficient, but it is difficult to
combine this functional representation with the equations of
an aircraft motion, which are written in the differential equa-
tion form. Such an approach can also be extended to a non-
linear case corresponding to the separated flow conditions.*
But in this case the use of such a description becomes signif-
icantly complicated.

In some cases Fourier functional analysis can also be used
for unsteady aerodynamic modeling.>

The description of the variation of nonlinear aerodynamic
characteristics associated with the motion time history is pos-
sible also by utilizing the ordinary differential equations.®’ In
order to describe aerodynamic characteristics measured ex-
perimentally C(t) € RS the following type input-output dy-
namical system is used:

dc d~C dhr d"h
N C VA
CER’, heER: i=1,...,6

where D;, N, are some smooth nonlinear functions, to be
defined by the fitting technique.

This method is convenient for solving problems of flight
dynamics since the inclusion of unsteady aerodynamics in the
above form leads only to an increase in problem dimension,
which retains the possibility of investigating motion stability
by means of classical methods.

In this article this approach is explored by means of intro-
ducing internal variables for describing the state of the flow
(the so-called state-space representation®?). The state is a very
important concept for the description of any dynamical sys-
tem, e.g., of the aircraft aerodynamics. It gives the infor-
mation required for the determination of the instant and fu-
ture values of the aerodynamic characteristics. The internal
state variables can be taken either in a formal way or can
have the well-defined physical meaning.

There is a close relation between the state-space represen-
tation and the use of the indicial response function method.
In the linear case the indicial response function can be ap-
proximated by a finite number of the exponential functions.
This approximation is equivalent to the utilization of the set
of first-order differential equations. The resulting first-order
differential equations, describing the unsteady aerodynamics,
can easily be added to the aircraft motion equations.

The state-space representation of unsteady airfoil behavior
in the linear case of attached flow was presented in Ref. 9,
where this approach was used to describe only vortex wake
time-lag effects.

At high angles of attack the separated flow around the
airfoil has some additional dynamical properties such as the
boundary-layer convection lag, the boundary-layer improve-
ment effects, moving separation point effect, etc.!* Some of
these flow phenomena influence the conditions of the ap-
pearance or disappearance of the flow separation. Other ones
are connected with the separated flow development and ad-
justment processes. The instant position of the separation
point depends on all these effects. The values of the total
aerodynamic force and moment depend in their turn on the
kinematic parameters of the motion and the position of flow
separation. Thus, the separation point position can be taken
as an internal dynamical variable in this case. To obtain the
mathematical model the appropriate dynamic equations for
governing the separation point behavior depending on the
kinematic parameters of airfoil motion are needed, as well as

the total aerodynamic load dependency on the kinematic pa-
rameters and the separation point position.

The similar aerodynamic processes guide the separated vor-
tex flow around a low aspect ratio delta wing. In this case the
vortex breakdown point positions can be taken as internal
dynamical variables. Although the aerodynamic processes for
an airfoil and a delta wing are quite different, the dynamic
features of the aerodynamic loads are very similar."

Taking into account the above features, one can propose
the mathematical model where the internal dynamical vari-
ables (vector x) approximately describes the state of separated
and vortex flow about an aircraft. These variables are simply
the additional information required at a given instant of time
to calculate the outputs (aerodynamic forces and moments—
vector C) from the system inputs (vector k). This approach
can be written by using the following type input-state-output
dynamical system'*:

dx
a ~ b 0
C =g(x, h)

To illustrate the possibility of using the proposed mathe-
matical model, simple examples will be considered. The first
example is the unsteady flow about an airfoil with a trailing-
edge separation. The second is the unsteady flow about a
slender delta wing with a vortex breakdown. On the basis of
these examples the structure of the approximate mathematical
model of unsteady aircraft aerodynamics is proposed.

Unsteady Flow About an Airfoil
with Trailing-Edge Separation

The various fluid mechanical processes that produce the
dynamic stall overshoot or undershoot of static airfoil char-
acteristics are well known. The analytic formulas were ob-
tained to outline these phenomena for the definite unsteady
airfoil motions.** To simulate an arbitrary airfoil motion it is
more desirable to obtain the mathematical model in the form
of the dynamical system.

To obtain the simplest mathematical model one can con-
sider the flow about an airfoil with trailing-edge separation
without spilled vortex effects. This is valid for relatively slow
variations of the airfoil incidence. Assume that the airfoil has
a sufficient thickness for the development of flow separation
in the vicinity of the trailing edge. A separated flow can be
described by the nondimensional coordinate x € [0, 1], which
gives the position of the separation point on the upper surface
of the airfoil .

The value x = 1 corresponds to attached flow, while x = 0
corresponds to leading-edge separation. One can consider
that x is a specified internal state variable on which aerody-
namic loads acting on the airfoil depend essentially.

At first it is important to obtain the relation between the
airfoil aerodynamic coefficients and the input parameter—
the angle of attack « and the internal variable—the sepa-
ration point position x. The simplified approach based upon
the assumption that the separated flow about the airfoil is
modeled by Kirchgof’s zone of constant pressure and the com-
mon assumption of linear cavitation theory' gives the follow-
ing expressions for the airfoil lift and moment coefficients:

C¥a, x) = (w/2)sin a(l + V)

5(1 — Vx)®: + 4 \/E]
16

C¥a, x) = (#/2)sin a(l + Vx)? [
(2

These expressions were obtained for quasisteady flow con-
ditions. The moment coefficient was calculated with respect
to airfoil nose.
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If we know the steady-state dependence of the position of
separation point on the variation of angle of attack x,(c), then
expressions (2) give us, e.g., the steady-state dependency of
lift coefficient C{(a) = Cyla, x4(a)]-

For unsteady flow conditions the aerodynamic loads of the
airfoil will depend on the current value of the angle of attack
a(t) and instantaneous separation point position x(¢) that can
differ considerably from its stationary value xo(c).

In the mathematical model the various unsteady fluid me-
chanics processes can be divided in two groups. The first group
concerns the different quasisteady aerodynamic effects such
as the circulation and boundary-layer convection lags, as well
as the boundary-layer improvement effects. These effects in-
fluence the conditions of the flow separation and its reat-
tachment. The resulting delay is approximately proportional
to the angle of attack variation rate &. The quasisteady po-
sition of the separation point, e.g., can be expressed through
the function x,(e) by means of argument shift x((a — na),
where the parameter 7, defines the total time delay of the
above mentioned effects.

The second group of flow phenomena defines the transient
aerodynamics effects, i.e., dynamic properties of the sepa-
rated flow adjustment. Any disturbance of the steady sepa-
rated flow without angle-of-attack variation will result in the
appropriate adjustment or relaxation process leading to the
steady state. One can describe this relaxation process in the
simplest manner using the first-order differential equation.

Therefore, based on these assumptions one can use the
following equation to describe the movement of the separa-
tion point for unsteady flow conditions:

dx .
T % + x = xo(a — nA) 3)

where 7, is the relaxation time constant.

The expressions Eqs. (2) and (3) form the closed mathe-
matical model for the lift and moment coefficients of type
Eq. (1). In this approach the effects of spilled vortex and
wake vortex sheet are neglected.

The main qualitative features of the proposed mathematical
model are presented in Fig. 1. The upper part of this figure
shows the dependencies for the lift coefficient C$(a) (solid
line), C¥(e, x) (dotted lines). The lower part shows the var-
iation of the separation point position both for steady and
unsteady conditions. The solid line defines the steady de-
pendency x,(«). The dashed lines show the variations of the
separation point position for ramp motions with & > 0 and
& < 0. The appropriate variations of the lift coefficient with
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Fig. 1 Steady and unsteady lift of an airfoil with trailing-edge sep-
aration.
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Fig. 2 Experimental data’*> and mathematical modeling results for a
NACA 0015 airfoil rampwise motions (@, < a, < & < @&,).

overshoot (@ > 0) and undershoot (& < 0) are drawn also
by the dashed lines in the upper part of Fig. 1.

Thus, the mathematical model, Eqs. (2) and (3), describes
the main features observed in wind-tunnel experiments. This
mathematical model contains two unknown parameters, 7;
and 7,, and an unknown function x4(e), which have to be
defined from the steady and unsteady experimental data. One
possible way is to use the appropriate identification methods
that take into account the structure of the mathematical model.

The proposed mathematical model also describes the airfoil
oscillatory motion. For the case of small amplitude forced
oscillations, Eqgs. (2) and (3) can be used in the linearized
form. The linearized equations obtain the relations between
the in-phase and out-of-phase aerodynamic derivatives and
the unknown parameters of the mathematical model

Cl(a, w) = gcos afl + Vx,(a))?
71+ Vafa) dx, (1 = oPrim)

* Z e Vxy(a) da (1 + o?77) “
1+ vV
Cl(a, 0) = —=sina Xol@) dto_1, + 7

2 V() da (1 + w?73)

The above expressions reveal, e.g., that the unsteady aero-
dynamic derivatives depend strongly on the frequency of os-
cillations in the angle-of-attack range where the flow sepa-
ration is developed [(dx,/da) # 0]. Equation (4) can also be
used in the identification procedure. The more detailed dis-
cussion of this procedure will be presented in the next section
devoted to the low aspect ratio delta wing, since the appro-
priate experimental data for the delta wing are available.

The example of the proposed mathematical model perfor-
mance is demonstrated in Fig. 2. The wind-tunnel data from
Ref. 15 for a NACA 0015 airfoil ramp motions with different
pitch rates are shown by crosses (&, < &, < a; < &,). The
results of fitting them using the mathematical model are shown
by solid lines. In this case the following values for time con-
stants of Eq. (3) were obtained by the least squares technique
7, = 0.52(¢/V), 7, = 4.5(¢/V).

Unsteady Aerodynamic Characteristics of a Delta
Wing with Vortex Breakdown
The similar mathematical model can be used also for un-

steady aerodynamic characteristics of a slender delta wing
with vortex breakdown.

Pitch Oscillations

First consider the case of symmetrical motion of the wing
in the longitudinal plane. The nondimensional coordinate of
vortex breakdown position can be taken as an internal state
variable x = x, = x; € [0, 1] governed by the same differ-
ential Eq. (3).

To confirm this assumption, experimental results of steady
and unsteady vortex breakdown visualization of a slender
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delta wing with aspect ratio A = 1.5 obtained in water tunnel*¢
were simulated using Eq. (3).

The experimental dependency of vortex breakdown point
position x,(«) in steady flow conditions is shown in Fig. 3 by
the bold solid line. This dependency is used in Eq. (3) as a
function in the right side. In the case of unsteady wing motions
the vortex breakdown point position can differ significantly
from its steady-state position. The rampwise motions with the
increase and decrease of the angle of attack (¢ = 0.3V/c—
white circles, & = 0.1V/c—black triangles, & = —0.05V/c
—black circles, @ = —0.1V/c—white triangles) show that
the processes of vortex breakdown and its recovery occur with
the significant delay. The oscillatory motion with the relatively
small amplitude 4.5 deg and frequency @ = 2.01V/c also
demonstrate the significant delay. The experimental points in
this case are marked by crosses. The appropriate results of
the mathematical simulation made with the use of Eq. (3)
(r, = 1.5¢/V, 7, = 0.5¢/V) are shown by the solid lines. It is
seen that the mathematical description is quite comprehen-
sive.

For closing the mathematical model we must know the
relationship between force and moment coefficients and the
variation of @ and x. For this purpose, e.g., the vortex suction
analogy of Polhamus can be used.!”-!® In the case of the vortex
breakdown on the upper surface of the wing the approximate
expression for aerodynamic lift coefficient can be written in
the following form:

C¥a, x) = k, sin « cos’a + x%k, siffa cos @ (5)

where k, = wA/2, k, = w. To obtain this expression it was
assumed that the vortex lift developed only on that part of
the wing where the vortex was unburst.

Thus, the mathematical model of aerodynamic lift coeffi-
cient for longitudinal motion of a delta wing can be written
as follows:

T, + x = xy(a — Tzd)

dt

= Clan + e L ©

ac
+ C§E v

where constant aerodynamic derivatives C'i‘; and C3i% were
introduced to take into account unsteady effects of flow with-
out vortex breakdown (x = 1). Equation (6), without terms
Cat and C3t, outlines the unsteady effects only in the angle-
of-attack reglon where the (dx,/da) # 0, therefore, we need
to introduce attached flow terms to describe the unsteady
effects at low angles of attack in a traditional way.

It is well known that in the range of angle of attack with
vortex breakdown a significant dependency of unsteady aero-
dynamic derivatives on amplitude and frequency of oscilla-
tions occurs.

The proposed mathematical model can be used to explain
this phenomenon. In the case of delta wing pitch oscillations
with small amplitude, a linearized form of the mathematical
model, Eq. (6), can be derived.
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Fig. 3 Experimental data'® and mathematical modeling results for a
delta wing A = 1.5 vertex breakdown peosition.

10 20 30 40

For a small deviation of the dynamic breakdown point po-
sition from the steady-state one & = x(¢) — x,[a(t)] the above
equations can be rewritten as follows:

dé

Tldt+§- —(r, +

dx, |
Tz)aga

ac
st ——— att _ + att
C, = C(a) + § + C¥ Ly c .Y

Resorting to operator form (d/dt) = s, it is possible to
eliminate the variable &, i.e.,

sa

= C¥a) + K(a) —— T 1 + CE 7 + 7 )
where C, (@) represents the steady dependence of the lift
coefficient on angle of attack, C§¢ is the damping derivative
corresponding to the attached flow at small angles of attack,
7, is a relaxation time constant, and s is the Laplace variable.
The function K(«) depends on the partial derivative (8C, /ox)
and on the slope (dx,/de)

Kla) = — (1, + 1) 83(;; C:;:
Thus, for harmonic oscillations of a delta wing
a = q; + o sin ot q =&
the aerodynamic lift can be written in the following form:

C, = Cay) + CPa,sin ot + CPaw cos ot

where with the use of Eq. (7)

X ] T,

Ct(a, w) = C3 + K(a)
« @ 1 + w?r? ®)
fed &i att K(a)

Cid(oz, w) = C,f; + CH + m

Figure 4 shows the dependencies of the lift coefficient out-
of-phase derivatives for a delta wing A = 1.5 obtained in
forced oscillations in a wind tunnel’® for different frequencies
(0 = 0.015V/c—circles, w = 0.144V/c—squares, w = 0.306
Vic—triangles) and their approximations (solid lines) by
mathematical model, Eq. (7). This level of fitting was achieved
for the next value of the relaxation time constant 7, =
15¢/V.

Thus, using one function K(«) and one time constant 7, it
is possible to describe numerous experimental dependencies
obtained at different oscillations frequencies.

It should be noted that the value of the time constant 7,,
obtained from water-tunnel experiments based on the vortex
flow visualization results (=1.5¢/V), differs from its value,

ULq+UL66

s0r o SE=0005
= omy
A 008
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Fig. 4 Experimental data'® and mathematical fitting results for out-
of-phase pitch forced oscillations derivative of a delta wing A = 1.5.
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obtained from the wind-tunnel forced oscillations results (=15¢/
V). This discrepancy unfortunately cannot be explained on
the basis of the available experimental information.

Roll Oscillations

In the case of roll oscillations of the same delta wing (A =
1.5), the breakdown of the right and left vortices will occur
at different distances from the apex of the wing. Experimental
investigations in a water tunnel'®-2°?! show that in the case of
a small sideslip angle it is possible to consider that

ox,,

BBﬁ

x,(a, B) = xo(@) +

o, _ o, _

B aB*KB

where K; is a constant.

In the case of unsteady variations in sideslip, the vortex
breakdown point position will, just as during the motion in a
longitudinal plane, delay with respect to the position that the
vortex breakdown has in steady conditions.!' By analogy with
Eq. (3) one can write the same differential equations describ-
ing the variations of the coordinates x; and x,:

Ez_ + X Xo + Kﬁ(B — 78) (9)

Ka(B = mP)

il

Ty

E-l-)C = X
Ly 0

At low values of B3, the roll moment induced by the break-
down of vortices above the wing will be approximately pro-
portional to the difference x = x, — x,. Based on this as-
sumption and Eq. (9) it is possible to write an equation
describing a variation of the vortex breakdown induced rolling
moment component Cy°*

dC vor
dt

deor

+ Cyr = B(B 73B) - (10)

1

The total rolling moment during the wing motion with a
varying sideslip angle can be presented similarly to the case
of the longitudinal motion as

b
Cvor + C "(a)ﬁ + Cdl[ pb + Catt B (11)

where the term C}"8 corresponds to the rolling moment com-
ponent of attached flow and the linear terms Ci*(pb/V) and
C“‘“(,Bb/V) define the unsteady aerodynamic load during
the rotation without taking into account the vortex breakdown
effect. The component Cy°r reflects the influence of vortices
breakdown and results in the additional nonlinear unsteady
effects.

Equations (10) and (11) are the mathematical model of the
form of Eq. (1) for unsteady roll moment of the wing during
roll oscillations.

The roll damping coefficient (C, + C,; sin @)™ experi-
mental results for a delta wing with aspect ratio A = 1.5 from
Ref. 19 at different angles of attack and frequencies of os-
cillations (w = 0.030V/b—circles, w = 0.061V/b—squares,
w = 0.122V/b—triangles) are presented in Fig. 5.

To simulate these results the linearization of Eqs. (10) and
(11) with the kinematic relation 8 = ¢ sin a taken into account
was made similarly to the case of the wing pitch oscillations.
The following expression was used to fit the experimental
results at different frequencies:

(C, + C, sina)° = Ci" + C¥'sin o + L(a)_
lp [ b I 1 + w?r?

(12)

Vi I 1 1
20 25 30 35 40

45 o, deg

Fig. 5 Experimental data' and mathematical fitting results for out-
of-phase roll forced oscillations derivative of a delta wing A = 1.5.

where the dependency on oscillation frequency is expressed
explicitly in the range of angles of attack where vortex break-
down occurs. The results of fitting are shown in Fig. 5 by
solid lines. It is seen that the dependency of the damping
coefficient on oscillation frequency for different angles of at-
tack can be described using one function of the angle-of-attack
K, (e), and one time constant 7, =~ 15¢/V.

The relaxation time constant 7,, obtained by fitting the
above experimental results, is approximately equal to the cor-
responding value of the time constant 7, = 15¢/V for pitch
oscillation results of the same delta wing. This indicates that
in both cases one and the same physical process associated
with the development of vortex breakdown above the wing
has the considerable influence on unsteady aerodynamic loads
of a delta wing.

Mathematical Model for Aircraft Unsteady
Aerodynamics at High Angles of Attack

The above simplified examples show that despite consid-
erable differences in flow structures it becomes possible to
describe dynamic properties of force and moment variations
in a similar way by using the simple first-order differential
Eq. (3). This equation describes the time lag features of sep-
arated and vortex flow dynamics processes. Yet function g in
Eq. (1) for determination of forces and moments in each case
was different.

One can also try to use a similar approach for describing
the aerodynamic characteristics of an aircraft at high angles
of attack. In the complex flow around an aircraft at high angles
of attack, both the separation and vortex breakdown phe-
nomena occur. Since the dynamical properties of these phe-
nomena can be described in a similar way, it is reasonable to
use Eq. (3) as the simplest approximation also for the full
aircraft. The generalized internal state variable in this case
would not have the definite physical meaning. The function
g in Eq. (1) in this general case must be determined via the
adequate identification technique based upon different ex-
perimental data.

In the range of small angles of attack the mathematical
model has to coincide with the traditional description using
the aerodynamic derivatives concept. The influence of un-
steady vortex wake, tail wash time lag, etc., will be considered
in a linear approximation and independently of the main com-
ponent generated by separation and vortex flow dynamic ef-
fects. The mathematical model for the longitudinal aerody-
namic force and moment can be written in the following form:

C, = C(a, x) + Cf;;q—‘f +OET Gl

LremTrc,s (13

— nl att __.
C, = C¥a, x) + C "y -

™ + x = x{l@ — 1a), (x| =1)

de
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Fig. 6 Results of high amplitude free pitch oscillations of aircraft
model in a wind tunnel.
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Fig. 7 Flight test results for rapid high angle-of-attack maneuvers.

The nonlinear functions C%¥, CH, which give the depen-
dencies of aerodynamic loads on kinematic parameters and
an internal variable, are given in the general form. The flow
structure about an aircraft at high angles of attack is consid-
erably more complicated, and it is impossible to hope that
any analytical dependencies for C¥, C™ can be obtained. So
they have to be determined by the special identification tech-
nique, but this is beyond the scope of this article. The main
objective of this work is to demonstrate the capability of the
proposed mathematical model.

Equation (13) has to be valid both for disturbed motions
with small amplitude oscillations, Eq. (7), and for arbitrary
motions including a large amplitude dynamic high angle-of-
attack attainment.

In order to simplify the problem of identification of such a
mathematical model one can assume that the nonlinear func-
tions C¥, C™ can be presented in the following form:

CHa, x) = Cz(a)g(x) + C([1 —~ g(x)]
Cilla, x) = C,(0)g(x) + C, (1 ~ g(x)]

where C; (), C, (@) and C,(a), C,, () are, respectively,
the dependencies of the coefficients C, and C, in the
two limit casesx = 1 and x = 0. The functions C (a), C,, (@)

(14)

are the envelope curves for a set of C, and C,, variations with
dlfferent positive pitch rates. The similar functions C; (a),

C,.(a) are the envelope curves for cases with different neg-
ative pitch rates. The function g(x) plays the role of a nor-
malized weight function g (x) € [0, 1}, x € [0, 1] which permits
the expression of the simplified dependency on x. The fol-
lowing expression for this function was used g(x) = x +
ax(x — 1), where the constant a € [—1, 1] was determined
by the least squares technique.

The dynamic effects of separated and vortex flow are es-
pecially significant during high angle-of-attack attainment with
large amplitudes. To investigate the unsteady aerodynamic
characteristics of a fighter aircraft, special wind-tunnel ex-
periments were conducted.® The aircraft model was mounted
on a cardan joint with 1. DOF in pitch. During transient mo-
tion from small values of angle of attack to the trim position
at high angle of attack, the total aerodynamic force acting on
the aircraft model was measured. The typical angle-of-attack
time history is shown in the upper part of Fig. 6.

The variations of the total vertical force coefficient in steady
and unsteady conditions are shown on the lower part of Fig.
6 by solid lines. At small angles of attack, the variation of the
vertical force coefficient differs slightly from that observed in
steady-state conditions. When high angles of attack are at-
tained the dynamic value of the coefficient C, exceeds con-
siderably its steady-state values. When a,,,, is attained (& =
0) the value of C; also exceeds the value of C%(@y,,), Which
indicates that there is a considerable time lag effect due to,
the flow structure adjustment. The last feature, e.g., cannot
be described using the aerodynamic derivatives.

The results of the mathematical modeling of the vertical
force coefficient and x variations using Egs. (13) and (14) are
presented in Fig. 6 by dashed lines for static conditions and
dot-dashed lines for unsteady conditions. The above example
shows that the proposed mathematical model takes into ac-
count the time lag effects of separated and vortex flow ad-
justment.

The next example shows the flight tests data,® obtained
during the well-known fighter aircraft maneuver, when the
angle of attack achieves very large values up to 90 deg for a
very short time. The angle-of-attack time histories with dif-
ferent amplitudes are presented in the upper part of Fig. 7.
The appropriate transient variation of the vertical force coef-
ficient vs angle of attack (solid lines) was obtained after pro-
cessing the measured in flight kinematic parameters such as
velocity, angle of attack, and normal acceleration.?? The dot-
dashed lines show the results of mathematical modeling of
the vertical force coefficient and internal variable depen-
dencies in transient motions. The dashed lines show the ob-
tained corresponding static dependencies.

Thus, the proposed mathematical model, as the above re-
sults show, is suitable for the description of the different dy-
namic maneuvers with attainment of high angles of attack
Wpaxe = 60 + 90 deg.

Concluding Remarks

The proposed mathematical model including the state-space
representation of separated and vortex flow can describe the
different unsteady effects observed in experimental investi-
gations. In particular, it is possible to explain the dependence
of aerodynamic characteristics on motion prehistory, and the
influence of reduced frequency and oscillation amplitude on
unsteady aerodynamic derivatives, obtained in forced oscil-
lation experiments.

Use of the mathematical model for the unsteady aerody-
namics, based on the first-order ordinary differential equa-
tions, gives an easy way for flight dynamics simulation by
appending these equations to the equations governing the
aircraft motion.

The stability analysis and dynamic simulation of aircraft
motion at high angles of attack can then be done either by
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eigenvalue analysis or by the time integration of the governing
equations using standard numerical algorithms.

The presented results are the initial steps in the develop-
ment of this mathematical modeling method. These results
demonstrate the method’s ability to model different complex
unsteady aerodynamic phenomena that take place at high
angles of attack.

The form of the mathematical model can be more compli-
cated. If necessary, the right side of Eq. (3) can be written
in a more general form x(a, &, g, . . .). When the aero-
dynamic hysteresis occurs, Eq. (3) can be rewritten in the
nonlinear form: ¥ = F(x, @, &, q, . . .), where the function
F in steady conditions F(x, a, 0, g, . . .) = 0 gives, e.g., the
bistable solutions for the internal variable. The order of the
differential operator can be increased to describe more com-
plex flow adjustment processes.

Utilization of the proposed mathematical model is closely
related to the problem of the identification of its structure
and evaluation of unknown parameters. The special efforts
are needed to develop the adequate methods.
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